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I. Introduction

NE objective of immediate interest to the air traffic manage-
ment community is the development of automatic monitoring
and guidance systems for the detection and resolution of conflict-
ing aircraft trajectories. In part, this is directed toward the recently
proposed free-flight or user-preferredtrajectoriesenvironment,' but
there is also an importantrole for such systems as a supplementary
backupto standardair traffic controland planning operationsat busy
airports and in congested control zones.>~* Although the pairwise
collision avoidance/conflict resolution problem is only one small
aspect of an overall management program, it is likely to form a
basic component of such a system. Numerous approaches to this
problem have been considered. For a description of the problem, as
well as a detailed analysis of some of the most recent advances, the
reader is referred to Refs. 2-7. Kuchar and Yang® also provide a
comprehensive survey of conflict detection and resolution models.
In this work, we consider two aircraft traversing potentially con-
flicting planar trajectories (cf. Fig. 1a). The conflict detection and
resolution algorithm developed here is velocity-vector-based with
the avoidance maneuvers executed at constant airspeed in the hori-
zontal plane. For simplicity, the performanceobjectiveincorporated
into the optimal control formulation of the problem is to minimize
the time during which both aircraftare deviated from their respective
nominal ground tracks. Because trajectories are flown at constant
airspeed, this minimum-time deviation objective is equivalentto a
minimum-distancedeviation,provided the distance s interpretedas
the length of the flight path from the fixed point of departure to the
(first possible) point of return to the aircraft’s nominal ground track
and heading. When a potential conflict is detected, optimal simul-
taneous avoidance maneuvers are computed that preserve aircraft
separation. The form of the optimal control history is determined
from an analysis of the associated Hamiltonian and costate equa-
tions, and the algorithm is then formulated to yield solutions pos-
sessing the same structure. Consideration of alternative objectives
based on aircraft operating efficiency and/or user-preferred options
would be importantin any practicalimplementation of the approach
developed here.
The key constraint in the formulation of the problem is Eq. (3),
which specifies the minimum separation distance permitted dur-
ing execution of the avoidance maneuvers, with, for example, 7, =
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5 n mile. The minimum-time trajectories around such a constraint
may not themselves be candidates for practical conflict resolution,
butrather define the innerenvelope of all possible constant-airspeed
avoidance maneuvers. That is, if an avoiding aircraft crosses the
minimum-time trajectory at any point, then the mandatory aircraft
separation condition is violated and additional evasive maneuvers
will be required. However, minimum-time trajectories satisfying
a multiple, for example, 1.5, of the mandatory separation distance
couldprovideinformationregardingadvisorysafe flight trajectories.
In Ref. 9, the conflict scenarios were considered noncooperative,
with the first aircraft traveling at constant airspeed v; and direction
throughoutthe execution of the avoidance maneuver by the second
aircraft, which was constrained to maneuverat constant airspeed v,.
Clearly, the total minimum-time deviation from the nominal flight
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Fig.1a Optimal trajectories for example 1 (e, #;, j); nm, nautical miles.
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Fig. 1b Separation distance Dy (¢) for example 1 (with times ¢}, t;);
nm, nautical miles.
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tracks could be improved with the execution of simultaneous co-
operative maneuvering by both aircraft, and it is this option that is
addressedhere. The optimal control problemis describedin Sec. I1.
Solutions require the calculation of the boundary arc control law,’
that is, the precise steering programs for the time interval when the
separation constraintis satisfied exactly. In Sec. I11, a simple, robust
time-steppingalgorithmis derived that will detect potential conflicts
and compute minimum-time avoidance maneuvers for both aircraft
in real time. An example application is considered in Sec. IV, and
the results are displayed in Fig. 1. In Fig. 1a, the optimal avoidance
trajectories are given by the solid curves (with direction arrows)
where the solid boxes specify the initial positions (a;, b;) and (a,,
b,) of aircraft 1 and 2, the solid straight lines indicate the nominal
ground tracks, and the solid dots indicate the switching times #; of
the turnrate control of each aircraft. As is shownin Fig. 1b, the algo-
rithm maintains the minimum separation between the maneuvering
aircraft.

II. Problem Formulation

The optimal control problem in a fixed xy Cartesian coordinate
system is to determine the steering programs x(r), 0 <t <t .,
i =1, 2 that guide aircraft 1 and 2 along those planar trajectories
Cr={lx; (1), yyONO<t <t} x}, y; € C'[0, 1] 1}, i =1, 2, that
reacquire their respective nominal ground track trajectoriesin min-
imum time without violating the specified separation constraint.
This minimal separation distance is denoted by r; in Eq. (3). The
airspeeds v; and v, of each aircraft are assumed to remain con-
stant throughout the avoidance maneuvers. The control functions
u;(t), i =1, 2, are the turn rates of each aircraft, and the control
variable constraints are defined in terms of the maximum allow-
able turnrates |u; (1) Supy;, 0=t <t; ;,i =1, 2, which can be em-
ployed at any point during the execution of the avoidance maneuver.
Here, u;(t) = u); correspondsto a maximum allowable rate of turn
to the left and u;(t) = —uy; to a maximum rate turn to the right.
These turn rate constraints are those normally associated with pas-
senger safety and comfort, although there is certainly the possibility
of replacing them with values that could correspond to an emer-
gency response. The dynamics are formulated in terms of the state
equations,

X;(t) = v; cos x; (1), yi(t) = v; sin x; (2), Xi () =u;(t)
0<t=<t, i=12 ()
the control constraints,
lu; ()| < upi, 0<t=<ty, i=12 ()

the state variable constraints,

glx (1), y1 (), X2(0), y2(O)] = r} — [x, (1) — (D)

— (@0 = »nmP <0, 0 <1 < max{t; s} 3)
the initial conditions,
t=0:x;(0) =aq, (1) =b, x1(0) = x1,
X% (0) = a, ¥2(0) = b, x2(0) = x20 4)

and the end conditions for a return to the nominal ground tracks,
t="t Xt r) = Xio
Yiltip) = tan(xio)[x: (G ) — ail + by, i=12 (5

The constants {(a, b,), (a2, b>), X10, X2,} define the initial po-
sitions and nominal ground tracks for aircraft 1 and 2 and, to-
gether with v; and v,, completely determine any potential conflict
configuration. A potential conflict is said to exist at time t =0 if
the separation constraint (3) will be violated at some future time
t >0, unless one or both aircraft execute an avoidance maneu-
ver. In what follows, a subarc of a feasible trajectory C; for which
glxi (@), y1(2), x2(t), y2(t)] < 0 in Eq. (3) will be called an interior
arc and a subarc for which g[x(¢), y,(?), x5(¢), y,(t)] =0 will be

termed a boundary arc. The Hamiltonian for the problem defined by
Egs. (1-5) is given by

HO=—1+2"f+u®[Vel'f
=—1+ Ay (t)v) €08 X1 (1) + Ao (t)vy sin x, () + Az ()u, (1)
+ A4 (£)v2 €08 X2 (1) + As(t)va sin x2 (1) + Ae(H)ua(t)
=2p(0)[x1 ()vy cos X (1) — yi (1)vy sin (1)
22 (£)v2 €08 X2 (1) — Y¥2(1)vy sin xo(1)] (©6)

where ©(#) =0 on interior arcs of trajectories and the Lagrange
multipliers A, (¢) satisfy the following costate equations:

. oH
A1) = —— = 2u(t)v, cos x; (1)
0x;

: oH .
Ao(t) = ——— = =2p(t)v sin x, (¢)
ay

. oH .
As(t) = —g = A (®)vy sin x; (1) — A (B)vy cos x; (1)
1
= 2u (@) [x (#) sin x; (£) — y1 () cos x; ()]

. oH

(1) = ——— = 2u(t)v, cos X2 (1)
BXQ

: OH ,

As(t) = ——— = =2p(t)vy sin x2(2)
0y,

. oH .
As(t) = —g = A3(t)va sin x; (1) — Ag(t)vs cos xo (1)
2

—2u(D)va[x2 (1) sin x2 (1) — y2 cos x2(1)] 7

for all ¢ in [0, t; ;] (Ref. 10). By the Pontryagin maximum princi-
ple (see Ref. 10), on any interior arcs [where w(¢) = 0] the optimal
controls u} () must satisfy
—U ;i for A3(1) <0 if i=1 or
A() <0 if i=
undetermined for A;(#) =0 if i=1 or
A@)=0 if i=
U i for A3()>0 if i=1 or
A(@)>0 if i=2

u:(t) = @®)

Intervals of optimal singular control on interior arcs [ (t) =0]
correspond to values of 7 for which A3(#) =0 and/or A5(¢) =0. If
() =0 and A3(r) =0 [hence, also A(¢) = 0], then from Eq. (7),
A7(#) and A3 (¢) must be constant and A3(f) = A} (¢)v, sin x} (t) —
A5(H)v; cos x[ (1) =0. For this to be true, however, x; (f) must be
constant,which means that the optimal singularcontrol for aircraft 1
isuj(t) =0, thatis, straight flight. An identical argument yields the
optimal singularcontrol [u5(¢) = 0] for aircraft2. Hence,excepton a
boundaryarc [u () # 0and g = 0], eachoptimal control corresponds
to either a maximum performance turn or straight flight. If straight
flight rather than a maximum performance turn is executed initially
by either aircraft, then that trajectory cannot be a path of minimum
distanceunlessno evasivemaneuver was requiredin the first place. If
more than one turn is executed by either aircraft before interception
with the boundary arc, then, again, the trajectory cannot be a path
of minimum distance. Thus, optimal trajectories must begin with a
single maximum performanceturn, followed by straightflight to the
interceptionpoint correspondingto boundary arc control. The feasi-
ble extremal control histories are defined in terms of switchingtimes
tr,,i=1,2,j=1,2,..., andthere can only be four possible candi-
dates for feasible extremals for any conflict configuration. That is, if
a potential conflict exists, then the four candidates correspondto the
four possible first turn sequences [right-right (RR) (i.e., initial right
turn for aircraft 1 and initial right turn for aircraft2), right-left (RL),
left-right (LR), or left-left (LL)] and each must have a control his-
tory of the following form: 1) a maximum rate turn [u} (t) = p;uy;,
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==+1,0=<r=<t¢,,i=1, 2] to those radials [u} (1) =0, tl*l <t<
2] tf —t* that mtercept the boundary arc defined by Eq. (3),
followed by 2) flight along the boundary arc trajectories for time
tr,St=<t,i=121 —t;‘z,followedby 3)afinalradial [u} () =
O t* <t < t* Al and amaximum performance oppositeturn [uf ()=

,o,uM,, pi ==x1, t} JSts1 =1, i=1,2] back to the nomi-
nal ground track tra]ectory of each aircraft (cf. Fig. 1a).

Because the boundary arc control corresponds to a mutual sep-
aration of exactly ry, the entry times to, and exit times from, this
control must be the same for both aircraft. That is, 77, =7}, and
t 3 =t; ;. Moreover, the final time of interception with their respec-
tive nominal ground tracks must also be the same for both aircraft,
that is, #7 . =17, i =1, 2. This last result is an immediate conse-
quence of the observationthatif one of the final times is greater, the
first switching times ¢} | and ¢, | can always be adjusted to eliminate
that difference. The times t;f4', i =1, 2 depend on the positions of
each aircraft relative to their nominal ground tracks once they exit
the interval of boundary arc control. In those cases where a final
straightradial is not required as part of the maneuver, we simply set
t* = t*

The precise form of the boundary arc control is extremely dif-
ficult to determine in the case of simultaneous avoidance maneu-
vering and, as is shown in the example applicationin Sec. IV, this
control is normally in effect for a significant portion of the avoid-
ance maneuver. In Ref. 9, a moving reference frame centered on
aircraft 1 was introduced. That approach worked well because the
trajectory of aircraft 1 was known a priori, and the precise form
of the boundary arc control law could be derived analytically in
terms of a differential-algebraic system of equations. In the case
of simultaneous maneuvers, this same approach would require an
iterative solution procedure in which, alternately, one trajectory is
fixed and the second computed until a mutually optimum solution is
achieved. Such a solution program is clearly outside any real-time
computationalobjective,althoughit does provide a means of verify-
ing solutionsobtainedusingalternatealgorithms.In the nextsection,
we derive a very simple algorithm that computes accurate optimal
simultaneous avoidance maneuvers in real time and recovers all of
the boundary arc control history.

III. Solution Algorithm

At any fixed instant of time during the flight maneuvers by both
aircraft, that is, for any given values of the position and heading
variables of aircraft 1 and 2, for example, {c;, B1, &2, B2, X1, X2}
(which will be different from the initial values a,, by, x,, €tc.), the
separation distance D(¢) between the two aircraft satisfies

D*(t) = {[ot; + tv; cos(x1)] — [ + tv cos(x2)1}

+{[B1 + tvy sin(x1)] — [Ba + 12 sin(x2)1}°
Because
D*(t) =2[v, cos(x;) — v;cos(x2)

+2[v; sin(x;) — vp sin(x2)]* > 0
for all # > 0, D(¢) has a unique global minimum at time
Twin=—A/B ©
where

A= 20(1 V1 COS(X[) — 20(1112 COS(XQ) — 20(2111 COS(X[)

+ 20305 cos(x1) + 2B1v; sin(x1) — 281v2 sin(x2)

—2Bsvi sin(x1) + 2Bv2 sin(x2) (10)
B =207 cos*(x1) — 4v; cos(x1)v, cos(x2) + 202 cos® (x2)

+ 207 sin® (1) — 4v; sin(x)va sin(x2) + 203 sin*(x2) (1)
and this global minimum separation distance D, is given by
Duin = {[or — Avi cos(x1)/B — a2 + Avz cos(x2)/ B)

+1B1 — Avysin(x1)/B — Ba + Avs sin(x2)/ B} (12)

with A and B as in Egs. (10) and (11). Both the initial radial to the
boundary arc and the boundary arc control law are determined as a

time-stepping sequence of straight flight and attempted maximum
rate turns (as described in steps 3 and 4 hereafter), which avoid
violating the constraint D,;, > r,. This sequence is continued until
that radial normal to the nominal flight track is acquired (at which
time straight flight, followed by a maximum rate opposite turn, is
executed) or until a maximum rate opposite turn alone would ac-
quire the nominal flight track. The algebraic equations required to
identify and compute these final radials and maximum performance
opposite turns (step 4 of the algorithm presented hereafter) require
the straightforward determination of points of intersection of radial
vectors with turn circles of fixed radius and are described in detail
in Sec. IV of Ref. 9. The distance separating the two aircraft at
any time 7 > 0 is Dy, (1) = {[x () — (1) ]* + [y1 (1) — ., (O }'/2.
These simple observations, together with the required structure of
the control history on interior arcs (8), is the basis of the follow-
ing real-time solution algorithm that, in the interest of brevity, is
given here in a somewhat literal context. When a potential con-
flict configuration exists (i.e., Dy, <7y at time ¢ =0), the follow-
ing steps produce the four feasible extremal candidates for the si-
multaneous avoidance maneuvers. The one requiring least time is
the optimal solution. Recall that at any time ¢, D, is the mini-
mum separation distance between the two aircraft that would occur
if they continued to fly straight on their respective ground head-
ings, whereas Dy, () is the distance separating the two aircraft at
time 7.

Algorithm: for eachfeasible extremal candidate(RR, RL, LR, and
LL).

1) Set the incremental time step At.

2) In increments of time Az, both aircraft execute maximum rate
turns [u](t) = p;up;, pi ==1] in the directions specified by the
extremal candidate,forexample, RR, until D,;, = r; is satisfied, that
is, fortime ¢/ | =5, =1} . Note that for this first approximation, the
switching times t 1 and t; | are necessarily equal because the same
increment has been added at each time step for the same number
of steps. These times are later modified in step 5 after information
regarding the final times has become available.

3) At each subsequenttime step, both aircraft attempt to execute
maximum rate turns for time At back to their respective nominal
ground tracks, that is, u; (t) = —p;uy;. If Dy, <r, would result
from such turns executed at any step, then both aircraft continue to
fly straight, thatis, u} () =0, during that time step. Otherwise, both
execute maximum rate turns toward their nominal ground tracks for
time At. Note that#, =1, =7 is that time when the actual aircraft
separation D, (f) first equals rs. This step will produce straight
radials to the interception point of the boundary arc, followed by a
curved path along the boundary arc, that is, the boundary arc turn,
as indicated in Fig. 1b.

4) Step 3 continues until that time 7 ;=1 ;=17 (if it exists)
when a straight radial [uf ()= 0, tl.’f3 <t< tl.’f4, i =1, 2] normal to
the nominal ground track trajectory together with a maximum rate
opposite turn (or just a maximum rate opposite turn alone, as in
Fig. 1a), that is, u; (t) = piy;, tl.’f4 <t< tl?ff, i=1,2, will resultin
each aircraft intercepting their respective nominal ground tracks by
satisfying Eq. (5). If such a time does not occur, then the particular
extremal being executed is not feasible. Because each aircraft is
turning away from the constraintset, both Dy, > ry and Dy, (1) > 1
are satisfied for 7, <r <7, i =1,2.

5) If tf ;> 1y ., then decrease tl*l and increase £, by At and
repeat steps 3and 4. If 17 , <t} ., then increase tl’“l and decrease

| At andrepeatsteps 3 and 4. Continue this process until the final
tilnes are equal (at least to within a tolerance of time At).

Note that, if a potential conflict does not exist, thatis, D, > r, at
time ¢ =0, then the algorithm yields the default controls u} () =0
i=1,2,t>0,asexpected. The final radial [u} (1) =0, t;f} <t< tl.’f4,
i =1, 2] (if necessary) must be normal to the respective nominal
ground track to preserve the minimum-time (distance) property of
the trajectory. In the next section, the algorithm is implemented for
an example conflict configuration. For practical reasons, the time
step chosen for the example is At =0.25 s. Much smaller values
could be chosen without substantially affecting computation times,
but would not necessarily reflect realistic time frames required to
execute a change in directional control.
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IV. Example Application
Distances and positions are measured in nautical miles from a
fixed origin in the xy plane. Steering (heading) angles x are mea-
sured in degrees, anticlockwise from the positive x axis. The units
of time and speed are hours and knots, respectively. The maximum
allowable turn rates u,; are given in degrees per second and are
consistent with standard rate turns at the speeds chosen for this
example. To provide a basis for comparison, the example conflict
configuration chosen here is same configuration as that considered
in Ref. 9, except that, in that study, only one aircraft executed the
avoidance maneuver at a time. The data for the example conflict

avoidance configuration are shown in example 1:

{(ai, b1), (a2, b2), X105 X205 V1, V2, Ungrs Upra, T}
={(0,0), (10, —8), 0.0, 97.15, 200, 250, 2.86, 2.86, 5}  (13)
The output required for the optimal control and display of the con-
flict resolution maneuvers are the switching times f';, which were
computed to within an error tolerance of 0.25 s for each feasible ex-
tremal using Ar =0.25 s. In example 1, the optimal solution is the
RR feasible extremal requiring 207.25 s to execute. The switching
times were computed to be (in seconds)
1, =575, =525,
t;=1;,=191.0,

t,=1t,=1265
=t ,=207.25

Only one iteration of step 5 in the algorithm was necessary. Be-
cause no final radials were required for the optimal extremals (i.e.,
tl.’f4 = tl.’f3, i =1, 2in step 4 of the algorithm), #; is notincluded here.
The plots of the optimal trajectories are given in Fig. 1a. Figure 1b
illustrates the 64.5 s of boundary arc control. A comparison of the
results for example 1 considered here with those obtained for (the
same initial configuration) examples 1c and 1d in Ref. 9 show that
permitting simultaneous cooperative maneuvering can reduce path
deviationtimes considerably (in this case, to 207.25 s from 254.1 s),
can yield entirely differentoptimal trajectories(cf. Ref. 9, where the
initial left turn by aircraft 2 proved optimal), and can substantially
reduce the extent of the total deviation from the nominal ground
tracks. Finally, numerical experiments were carried out to verify
that the algorithm derived here (with the additional constraint that
only one aircraft executes the avoidance maneuver) reproduces the
analytical results obtained for example 1 in Ref. 9.

V. Conclusions

In Sec. 111, a simple time-stepping algorithm was presented that
will detect potential conflicts and resolve them by computing the
globally optimal steering programs for both aircraft in real time.
The algorithm is robust because at each time step the procedure
verifies that the separation constraint is satisfied. Furthermore, the
algorithm accurately recovers all of the boundary arc control his-
tory, which, as is shown in the example applicationin Sec. IV, may
constitutea significant portion of the optimal avoidance maneuvers.
The algorithm was generated using the form of the optimal con-
trol law determined from an analysis of the associated Hamiltonian
and costate equations. Incorporating multiple conflicts, more gen-
eral performance measures, as well as variable airspeeds, into the
model will be an important consideration for future work. Because
of its simplicity, the algorithm derived may prove to be a useful tool
in exploring the design of a comprehensive conflict detection and
avoidance system.
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Mechanism for Precision Orbit
Control with Applications
to Formation Keeping
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Introduction

ETECTING gravitational waves requires a very large base-
line (from hundreds to a million kilometers) for an interfero-
meter."> Challenged by this extraordinary requirement, a number
of astrophysicists have explored various ways to achieve this from
an engineering viewpoint. As documentedin Refs. 1 and 2, the idea
of using three separated spacecraftorbiting in formation to achieve
effective structural rigidity (required by the baseline of the inter-
ferometer) was suggested in the early 1980s by Faller and Bender.
Based on this concept, the laserinterferometerspace antenna (LISA)
project was proposed to ESA in 1993, resulting in an ESA/NASA
project."> When the impact of such possible configurations for ter-
restrial application was recognized, the U.S. Air Force declared in
1995 that a distributed spacecraft system (DSS) flying in formation
was one of the key technology areas for the 21st century.? It is ap-
parent that, since then, a great deal of research has been done on
DSS and formationkeeping. Of particularnote are Refs. 4-6 and the
references contained therein. Carter* presents an excellent survey
of linearized equations for relative motion between elliptical orbits.
Recently, Melton® extended the equations for a state transition ma-
trix by way of a truncated power series in eccentricity. A perspective
on these and other analyses as it pertains to formation keeping is
presented by Vadali et al.®
One of the central technology areas for formation keepingis main-
taining the DSS in formation with little or no propellant.In addition,
for interferometric measurements, it is necessary to sense and con-
trol the distributed system to an effective structural tolerance of the
order of a fraction of the wavelength of interest. In this Note, we
propose a simple nonpropulsive mechanism to control the orbital
position of a spacecraftto such a high precision. Simply stated, the
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