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I. Introduction

O NE objective of immediate interest to the air traf� c manage-
ment community is the developmentof automatic monitoring

and guidance systems for the detection and resolution of con� ict-
ing aircraft trajectories. In part, this is directed toward the recently
proposedfree-� ight or user-preferredtrajectoriesenvironment,1 but
there is also an important role for such systems as a supplementary
backupto standardair traf� c controland planningoperationsat busy
airports and in congested control zones.2¡4 Although the pairwise
collision avoidance/con� ict resolution problem is only one small
aspect of an overall management program, it is likely to form a
basic component of such a system. Numerous approaches to this
problem have been considered.For a descriptionof the problem, as
well as a detailed analysis of some of the most recent advances, the
reader is referred to Refs. 2–7. Kuchar and Yang8 also provide a
comprehensive survey of con� ict detection and resolution models.

In this work, we consider two aircraft traversingpotentially con-
� icting planar trajectories (cf. Fig. 1a). The con� ict detection and
resolution algorithm developed here is velocity-vector-basedwith
the avoidance maneuvers executed at constant airspeed in the hori-
zontalplane. For simplicity, the performanceobjective incorporated
into the optimal control formulation of the problem is to minimize
the time duringwhich both aircraftaredeviatedfrom their respective
nominal ground tracks. Because trajectories are � own at constant
airspeed, this minimum-time deviation objective is equivalent to a
minimum-distancedeviation,provided the distance is interpretedas
the length of the � ight path from the � xed point of departure to the
(� rst possible) point of return to the aircraft’s nominal ground track
and heading. When a potential con� ict is detected, optimal simul-
taneous avoidance maneuvers are computed that preserve aircraft
separation. The form of the optimal control history is determined
from an analysis of the associated Hamiltonian and costate equa-
tions, and the algorithm is then formulated to yield solutions pos-
sessing the same structure. Consideration of alternative objectives
based on aircraft operating ef� ciency and/or user-preferredoptions
would be important in any practical implementationof the approach
developed here.

The key constraint in the formulation of the problem is Eq. (3),
which speci� es the minimum separation distance permitted dur-
ing execution of the avoidance maneuvers, with, for example, rs D
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5 n mile. The minimum-time trajectories around such a constraint
may not themselves be candidates for practical con� ict resolution,
but ratherde� ne the inner envelopeof all possible constant-airspeed
avoidance maneuvers. That is, if an avoiding aircraft crosses the
minimum-time trajectory at any point, then the mandatory aircraft
separation condition is violated and additional evasive maneuvers
will be required. However, minimum-time trajectories satisfying
a multiple, for example, 1.5, of the mandatory separation distance
couldprovideinformationregardingadvisorysafe � ight trajectories.
In Ref. 9, the con� ict scenarios were considered noncooperative,
with the � rst aircraft traveling at constant airspeed v1 and direction
throughout the executionof the avoidance maneuver by the second
aircraft,which was constrainedto maneuverat constant airspeedv2.
Clearly, the total minimum-time deviation from the nominal � ight

Fig. 1a Optimal trajectories for example 1 (² ; ti; j ); nm, nautical miles.

Fig. 1b Separation distance Dsep(t) for example 1 (with times t ¤2 , t¤3 );
nm, nautical miles.
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tracks could be improved with the execution of simultaneous co-
operative maneuvering by both aircraft, and it is this option that is
addressedhere. The optimal control problem is described in Sec. II.
Solutions require the calculation of the boundary arc control law,9

that is, the precise steering programs for the time interval when the
separationconstraint is satis� ed exactly. In Sec. III, a simple, robust
time-steppingalgorithmis derivedthatwill detectpotentialcon� icts
and compute minimum-time avoidance maneuvers for both aircraft
in real time. An example application is considered in Sec. IV, and
the results are displayed in Fig. 1. In Fig. 1a, the optimal avoidance
trajectories are given by the solid curves (with direction arrows)
where the solid boxes specify the initial positions (a1, b1) and (a2,
b2) of aircraft 1 and 2, the solid straight lines indicate the nominal
ground tracks, and the solid dots indicate the switching times ti of
the turn rate controlof each aircraft.As is shown in Fig. 1b, the algo-
rithm maintains the minimum separation between the maneuvering
aircraft.

II. Problem Formulation
The optimal control problem in a � xed xy Cartesian coordinate

system is to determine the steering programs Â ¤
i .t/, 0 · t · t¤

i; f ,
i D 1, 2 that guide aircraft 1 and 2 along those planar trajectories
C¤

i :D f[x¤
i .t/; y¤

i .t/]j0 · t · t¤
i; f ; x¤

i ; y¤
i 2 C1[0; t¤

i; f ]g, i D 1, 2, that
reacquire their respectivenominal ground track trajectories in min-
imum time without violating the speci� ed separation constraint.
This minimal separation distance is denoted by rs in Eq. (3). The
airspeeds v1 and v2 of each aircraft are assumed to remain con-
stant throughout the avoidance maneuvers. The control functions
u i .t/, i D 1, 2, are the turn rates of each aircraft, and the control
variable constraints are de� ned in terms of the maximum allow-
able turn rates ju i .t/j · u Mi , 0 · t · ti; f , i D 1, 2, which can be em-
ployed at any point during the executionof the avoidancemaneuver.
Here, u i .t/ D uMi corresponds to a maximum allowable rate of turn
to the left and u i .t/ D ¡uMi to a maximum rate turn to the right.
These turn rate constraints are those normally associated with pas-
senger safety and comfort, although there is certainly the possibility
of replacing them with values that could correspond to an emer-
gency response. The dynamics are formulated in terms of the state
equations,

Pxi .t/ D vi cos Âi .t/; Pyi .t/ D vi sin Âi .t/; PÂi .t/ D u i .t/

0 · t · ti; f ; i D 1; 2 (1)
the control constraints,

jui .t/j · uMi ; 0 · t · ti; f ; i D 1; 2 (2)

the state variable constraints,

g[x1.t/; y1.t/; x2.t/; y2.t/] D r 2
s ¡ [x1.t/ ¡ x2.t/]

2

¡ [y1.t/ ¡ y2.t/]2 · 0; 0 · t · maxfti; f g (3)

the initial conditions,

t D 0:x1.0/ D a1; y1.1/ D b1; Â1.0/ D Â1o

x2.0/ D a2; y2.0/ D b2; Â2.0/ D Â2o (4)

and the end conditions for a return to the nominal ground tracks,

t D ti; f :Âi .ti; f / D Âio

yi .ti; f / D tan.Âio/[xi .ti; f / ¡ ai ] C bi ; i D 1; 2 (5)

The constants f.a1; b1/; .a2; b2/; Â1o; Â2og de� ne the initial po-
sitions and nominal ground tracks for aircraft 1 and 2 and, to-
gether with v1 and v2, completely determine any potential con� ict
con� guration. A potential con� ict is said to exist at time t D 0 if
the separation constraint (3) will be violated at some future time
t > 0, unless one or both aircraft execute an avoidance maneu-
ver. In what follows, a subarc of a feasible trajectory Ci for which
g[x1.t/; y1.t/; x2.t/; y2.t/] < 0 in Eq. (3) will be called an interior
arc and a subarc for which g[x1.t/; y1.t/; x2.t/; y2.t/] D 0 will be

termed a boundaryarc. The Hamiltonian for the problem de� ned by
Eqs. (1–5) is given by

H.t/ D ¡1 C ¸T f C ¹.t/[ r g]T f

D ¡1 C ¸1.t/v1 cos Â1.t/ C ¸2.t/v1 sin Â1.t/ C ¸3.t/u1.t/

C ¸4.t/v2 cosÂ2.t/ C ¸5.t/v2 sin Â2.t/ C ¸6.t/u2.t/

¡2¹.t/[x1.t/v1 cos Â1.t/ ¡ y1.t/v1 sin Â1.t/

Cx2.t/v2 cosÂ2.t/ ¡ y2.t/v2 sin Â2.t/] (6)

where ¹.t/ D 0 on interior arcs of trajectories and the Lagrange
multipliers ¸i .t/ satisfy the following costate equations:

P̧
1.t/ D ¡ @H

@x1

D 2¹.t/v1 cos Â1.t/

P̧
2.t/ D ¡ @H

@y1
D ¡2¹.t/v1 sin Â1.t/

P̧
3.t/ D ¡ @H

@Â1

D ¸1.t/v1 sin Â1.t/ ¡ ¸2.t/v1 cos Â1.t/

¡ 2¹.t/v1[x1.t/ sinÂ1.t/ ¡ y1.t/ cosÂ1.t/]

P̧
4.t/ D ¡ @H

@x2
D 2¹.t/v2 cos Â2.t/

P̧
5.t/ D ¡

@H
@y2

D ¡2¹.t/v2 sin Â2.t/

P̧
6.t/ D ¡ @H

@Â2
D ¸3.t/v2 sin Â1.t/ ¡ ¸4.t/v2 cos Â2.t/

¡ 2¹.t/v2[x2.t/ sinÂ2.t/ ¡ y2 cos Â2.t/] (7)

for all t in [0; ti; f ] (Ref. 10). By the Pontryagin maximum princi-
ple (see Ref. 10), on any interior arcs [where ¹.t/ D 0] the optimal
controls u¤

i .t/ must satisfy

u¤
i .t/ D

¡uMi for ¸¤
3.t/ < 0 if i D 1 or

¸¤
5.t/ < 0 if i D 2

undetermined for ¸¤
3.t/ D 0 if i D 1 or

¸¤
5.t/ D 0 if i D 2

u Mi for ¸¤
3.t/ > 0 if i D 1 or

¸¤
5.t/ > 0 if i D 2

(8)

Intervals of optimal singular control on interior arcs [¹.t/ D 0]
correspond to values of t for which ¸¤

3.t/ D 0 and/or ¸¤
5.t/ D 0. If

¹.t/ D 0 and ¸¤
3.t/ D 0 [hence, also P̧ ¤

3.t/ D 0], then from Eq. (7),
¸¤

1.t/ and ¸¤
2.t/ must be constant and P̧ ¤

3.t/ D ¸¤
1.t/v1 sin Â¤

1 .t/ ¡
¸¤

2.t/v1 cos Â ¤
1 .t/ D 0. For this to be true, however, Â¤

1 .t/ must be
constant,which means that the optimal singularcontrol for aircraft1
is u¤

1.t/ D 0, that is, straight � ight. An identical argument yields the
optimalsingularcontrol[u¤

2.t/ D 0] for aircraft2. Hence,excepton a
boundaryarc [¹.t/ 6D 0 and g D 0], eachoptimalcontrolcorresponds
to either a maximum performance turn or straight � ight. If straight
� ight rather than a maximum performance turn is executed initially
by either aircraft, then that trajectory cannot be a path of minimum
distanceunlessnoevasivemaneuverwas requiredin the � rst place.If
more than one turn is executed by either aircraft before interception
with the boundary arc, then, again, the trajectory cannot be a path
of minimum distance. Thus, optimal trajectories must begin with a
singlemaximum performanceturn, followed by straight � ight to the
interceptionpoint correspondingto boundaryarc control.The feasi-
ble extremalcontrolhistoriesare de� ned in termsof switchingtimes
t¤
i; j , i D 1, 2, j D 1; 2; : : : ; and there can only be four possiblecandi-
dates for feasible extremals for any con� ict con� guration.That is, if
a potential con� ict exists, then the four candidatescorrespondto the
four possible � rst turn sequences[right–right (RR) (i.e., initial right
turn for aircraft1 and initial right turn for aircraft2), right– left (RL),
left–right (LR), or left– left (LL)] and each must have a control his-
tory of the following form: 1) a maximum rate turn [u¤

i .t/ D ½i uMi ,
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½i D §1, 0 · t · t¤
i;1 , i D 1, 2] to those radials [u¤

i .t/ D 0, t¤
i;1 · t ·

t¤
i;2], t¤

1;2 D t¤
2;2 that intercept the boundary arc de� ned by Eq. (3),

followed by 2) � ight along the boundary arc trajectories for time
t¤
i;2 · t · t¤

i;3, i D 1; 2, t¤
1;3 D t¤

2;3 , followedby3)a � nal radial [u¤
i .t/ D

0, t¤
i;3 · t · t¤

i;4] and a maximum performanceoppositeturn [u¤
i .t/ D

¡½i uMi , ½i D §1, t¤
i;4 · t · t¤

i; f D t¤
f , i D 1; 2] back to the nomi-

nal ground track trajectory of each aircraft (cf. Fig. 1a).
Because the boundary arc control corresponds to a mutual sep-

aration of exactly rs , the entry times to, and exit times from, this
control must be the same for both aircraft. That is, t¤

1;2 D t¤
2;2 and

t¤
1;3 D t¤

2;3. Moreover, the � nal time of interceptionwith their respec-
tive nominal ground tracks must also be the same for both aircraft,
that is, t¤

i; f D t¤
f , i D 1; 2. This last result is an immediate conse-

quence of the observationthat if one of the � nal times is greater, the
� rst switching times t¤

1;1 and t¤
2;1 can always be adjusted to eliminate

that difference. The times t¤
i;4; i D 1; 2 depend on the positions of

each aircraft relative to their nominal ground tracks once they exit
the interval of boundary arc control. In those cases where a � nal
straight radial is not required as part of the maneuver,we simply set
t¤
i;4 D t¤

i;3 .
The precise form of the boundary arc control is extremely dif-

� cult to determine in the case of simultaneous avoidance maneu-
vering and, as is shown in the example application in Sec. IV, this
control is normally in effect for a signi� cant portion of the avoid-
ance maneuver. In Ref. 9, a moving reference frame centered on
aircraft 1 was introduced. That approach worked well because the
trajectory of aircraft 1 was known a priori, and the precise form
of the boundary arc control law could be derived analytically in
terms of a differential–algebraic system of equations. In the case
of simultaneous maneuvers, this same approach would require an
iterative solution procedure in which, alternately, one trajectory is
� xed and the second computeduntil a mutually optimum solution is
achieved. Such a solution program is clearly outside any real-time
computationalobjective,although it does providea means of verify-
ing solutionsobtainedusingalternatealgorithms.In thenext section,
we derive a very simple algorithm that computes accurate optimal
simultaneous avoidance maneuvers in real time and recovers all of
the boundary arc control history.

III. Solution Algorithm
At any � xed instant of time during the � ight maneuvers by both

aircraft, that is, for any given values of the position and heading
variables of aircraft 1 and 2, for example, f®1; ¯1; ®2; ¯2; Â1; Â2g
(which will be different from the initial values a1; b1; Â1o , etc.), the
separation distance D.t/ between the two aircraft satis� es

D2.t/ D f[®1 C tv1 cos.Â1/] ¡ [®2 C tv2 cos.Â2/]g2

C f[¯1 C tv1 sin.Â1/] ¡ [¯2 C tv2 sin.Â2/]g2

Because
RD2.t/ D 2[v1 cos.Â1/ ¡ v2 cos.Â2/]2

C 2[v1 sin.Â1/ ¡ v2 sin.Â2/]
2 > 0

for all t > 0, D.t/ has a unique global minimum at time
Tmin D ¡A=B (9)

where

A D 2®1v1 cos.Â1/ ¡ 2®1v2 cos.Â2/ ¡ 2®2v1 cos.Â1/

C 2®2v2 cos.Â1/ C 2¯1v1 sin.Â1/ ¡ 2¯1v2 sin.Â2/

¡ 2¯2v1 sin.Â1/ C 2¯2v2 sin.Â2/ (10)

B D 2v2
1 cos2.Â1/ ¡ 4v1 cos.Â1/v2 cos.Â2/ C 2v2

2 cos2.Â2/

C 2v2
1 sin2.Â1/ ¡ 4v1 sin.Â1/v2 sin.Â2/ C 2v2

2 sin2.Â2/ (11)

and this global minimum separation distance Dmin is given by

Dmin D f[®1 ¡ Av1 cos.Â1/=B ¡ ®2 C Av2 cos.Â2/=B]2

C [¯1 ¡ Av1 sin.Â1/=B ¡ ¯2 C Av2 sin.Â2/=B]2g
1
2 (12)

with A and B as in Eqs. (10) and (11). Both the initial radial to the
boundary arc and the boundary arc control law are determined as a

time-stepping sequence of straight � ight and attempted maximum
rate turns (as described in steps 3 and 4 hereafter), which avoid
violating the constraint Dmin ¸ rs . This sequence is continued until
that radial normal to the nominal � ight track is acquired (at which
time straight � ight, followed by a maximum rate opposite turn, is
executed) or until a maximum rate opposite turn alone would ac-
quire the nominal � ight track. The algebraic equations required to
identify and compute these � nal radials and maximum performance
opposite turns (step 4 of the algorithm presented hereafter) require
the straightforwarddeterminationof points of intersection of radial
vectors with turn circles of � xed radius and are described in detail
in Sec. IV of Ref. 9. The distance separating the two aircraft at
any time t ¸ 0 is Dsep.t/ D f[x1.t/ ¡ x2.t/]2 C [y1.t/ ¡ y2.t/]2g1=2.
These simple observations, together with the required structure of
the control history on interior arcs (8), is the basis of the follow-
ing real-time solution algorithm that, in the interest of brevity, is
given here in a somewhat literal context. When a potential con-
� ict con� guration exists (i.e., Dmin < rs at time t D 0), the follow-
ing steps produce the four feasible extremal candidates for the si-
multaneous avoidance maneuvers. The one requiring least time is
the optimal solution. Recall that at any time t, Dmin is the mini-
mum separation distance between the two aircraft that would occur
if they continued to � y straight on their respective ground head-
ings, whereas Dsep.t/ is the distance separating the two aircraft at
time t .

Algorithm: for each feasibleextremalcandidate(RR, RL, LR, and
LL).

1) Set the incremental time step 1t .
2) In increments of time 1t , both aircraft execute maximum rate

turns [u¤
i .t/ D ½i uMi , ½i D §1] in the directions speci� ed by the

extremalcandidate,for example,RR, until Dmin D rs is satis� ed, that
is, for time t¤

1;1 D t¤
2;1 D t¤

1 . Note that for this � rst approximation, the
switching times t¤

1;1 and t¤
2;1 are necessarilyequal because the same

increment has been added at each time step for the same number
of steps. These times are later modi� ed in step 5 after information
regarding the � nal times has become available.

3) At each subsequent time step, both aircraft attempt to execute
maximum rate turns for time 1t back to their respective nominal
ground tracks, that is, u¤

i .t/ D ¡½i uMi . If Dmin < rs would result
from such turns executed at any step, then both aircraft continue to
� y straight, that is, u¤

i .t/ D 0, during that time step. Otherwise, both
executemaximum rate turns toward their nominal ground tracks for
time 1t . Note that t¤

1;2 D t¤
2;2 D t¤

2 is that time when the actual aircraft
separation Dsep.t/ � rst equals rs . This step will produce straight
radials to the interception point of the boundary arc, followed by a
curved path along the boundary arc, that is, the boundary arc turn,
as indicated in Fig. 1b.

4) Step 3 continues until that time t¤
1;3 D t¤

2;3 D t¤
3 (if it exists)

when a straight radial [u¤
i .t/ D 0, t¤

i;3 · t · t¤
i;4 , i D 1; 2] normal to

the nominal ground track trajectory together with a maximum rate
opposite turn (or just a maximum rate opposite turn alone, as in
Fig. 1a), that is, u¤

i .t/ D ½i uMi , t¤
i;4 · t · t¤

i; f , i D 1; 2, will result in
each aircraft intercepting their respectivenominal ground tracks by
satisfying Eq. (5). If such a time does not occur, then the particular
extremal being executed is not feasible. Because each aircraft is
turningaway from the constraintset, both Dmin > rs and Dsep.t/ > rs

are satis� ed for t¤
i;3 · t · t¤

i; f , i D 1; 2.
5) If t¤

1; f > t¤
2; f , then decrease t¤

1;1 and increase t¤
2;1 by 1t and

repeat steps 3 and 4. If t¤
1; f < t¤

2; f , then increase t¤
1;1 and decrease

t¤
2;1 1t and repeat steps 3 and 4. Continue this process until the � nal

times are equal (at least to within a tolerance of time 1t ).
Note that, if a potential con� ict does not exist, that is, Dmin ¸ rs at

time t D 0, then the algorithm yields the default controls u¤
i .t/ D 0,

i D 1; 2, t > 0, as expected.The � nal radial [u¤
i .t/ D 0, t¤

i;3 · t · t¤
i;4,

i D 1; 2] (if necessary) must be normal to the respective nominal
ground track to preserve the minimum-time (distance) property of
the trajectory. In the next section, the algorithm is implemented for
an example con� ict con� guration. For practical reasons, the time
step chosen for the example is 1t D 0:25 s. Much smaller values
could be chosen without substantially affecting computation times,
but would not necessarily re� ect realistic time frames required to
execute a change in directional control.
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IV. Example Application
Distances and positions are measured in nautical miles from a

� xed origin in the xy plane. Steering (heading) angles Â are mea-
sured in degrees, anticlockwise from the positive x axis. The units
of time and speed are hours and knots, respectively.The maximum
allowable turn rates u Mi are given in degrees per second and are
consistent with standard rate turns at the speeds chosen for this
example. To provide a basis for comparison, the example con� ict
con� guration chosen here is same con� guration as that considered
in Ref. 9, except that, in that study, only one aircraft executed the
avoidance maneuver at a time. The data for the example con� ict
avoidance con� guration are shown in example 1:

f.a1; b1/; .a2; b2/; Â1o; Â2o; v1; v2; u M1; uM2; rs g
D f.0; 0/; .10; ¡8/; 0:0; 97:15; 200; 250; 2:86; 2:86; 5g (13)

The output required for the optimal control and display of the con-
� ict resolution maneuvers are the switching times t¤

i; j , which were
computed to within an error toleranceof 0:25 s for each feasible ex-
tremal using 1t D 0:25 s. In example 1, the optimal solution is the
RR feasible extremal requiring 207:25 s to execute. The switching
times were computed to be (in seconds)

t¤
1;1 D 5:75; t¤

2;1 D 5:25; t¤
1;2 D t¤

2;2 D 126:5

t¤
1;3 D t¤

2;3 D 191:0; t¤
1; f D t¤

2; f D 207:25

Only one iteration of step 5 in the algorithm was necessary. Be-
cause no � nal radials were required for the optimal extremals (i.e.,
t¤
i;4 D t¤

i;3 , i D 1; 2 in step 4 of the algorithm), t¤
4 is not included here.

The plots of the optimal trajectories are given in Fig. 1a. Figure 1b
illustrates the 64:5 s of boundary arc control. A comparison of the
results for example 1 considered here with those obtained for (the
same initial con� guration) examples 1c and 1d in Ref. 9 show that
permitting simultaneous cooperative maneuvering can reduce path
deviationtimes considerably(in this case, to 207:25 s from 254:1 s),
can yield entirelydifferentoptimal trajectories(cf. Ref. 9, where the
initial left turn by aircraft 2 proved optimal), and can substantially
reduce the extent of the total deviation from the nominal ground
tracks. Finally, numerical experiments were carried out to verify
that the algorithm derived here (with the additional constraint that
only one aircraft executes the avoidance maneuver) reproduces the
analytical results obtained for example 1 in Ref. 9.

V. Conclusions
In Sec. III, a simple time-stepping algorithm was presented that

will detect potential con� icts and resolve them by computing the
globally optimal steering programs for both aircraft in real time.
The algorithm is robust because at each time step the procedure
veri� es that the separation constraint is satis� ed. Furthermore, the
algorithm accurately recovers all of the boundary arc control his-
tory, which, as is shown in the example application in Sec. IV, may
constitutea signi� cant portionof the optimal avoidancemaneuvers.
The algorithm was generated using the form of the optimal con-
trol law determined from an analysis of the associated Hamiltonian
and costate equations. Incorporating multiple con� icts, more gen-
eral performance measures, as well as variable airspeeds, into the
model will be an important consideration for future work. Because
of its simplicity, the algorithmderivedmay prove to be a useful tool
in exploring the design of a comprehensive con� ict detection and
avoidance system.

Acknowledgment
This research was supported by the Natural Sciences and Engi-

neering Research Council of Canada.

References
1Lanzer, N., and Jenny, M. T., “Managing the Evolution to Free Flight,”

Journal of Air Traf� c Control, 1995, pp. 8–20.
2Erzberger, H., “Design Principles and Algorithms for Automated Air

Traf� c Management,” Knowledge-Based Functions in Aerospace Systems,
LS-200, AGARD, Nov. 1995.

3Denery, D. G., Erzberger, H., Davis, T. J., Green, S. M., and McNally,
B. D., “Challenges of Air Traf� c Management Research: Analysis, Simula-
tion, and Field Test,” AIAA Paper 97-3832, Aug. 1997.

4Krozel, J., Mueller, T., and Hunter, G., “Free-Flight Detection and Reso-
lution Analysis,” Proceedings of the AIAA Guidance, Navigation, and Con-
trol Conference, AIAA, Reston, VA, 1996, pp. 1–11.

5Tomlin,C., Pappas, G., and Sastry, S., “Con� ict Resolution in Air Traf� c
Management: A Study in Multi-AgentHybrid Systems,” IEEE Transactions
on Automatic Control, Vol. 43, No. 4, 1998, pp. 509–521.

6Zhao, Y. J., and Schultz, R. L., “Deterministic Resolution of Two-
Aircraft Con� ict in Free Flight,” Proceedings of the AIAA Guidance, Navi-
gation, and Control Conference, AIAA, Reston, VA, 1997, pp. 469–478.

7Menon, P. K., Sweriduk, G. D., and Sridhar, B., “Optimal Strategies for
Free-Flight Air Traf� c Con� ict Resolution,” Journal of Guidance, Control,
and Dynamics, Vol. 33, No. 2, 1999, pp. 202–211.

8Kuchar, K. K., and Yang, C. Y., “Survey of Con� ict Detection and
Resolution Modeling Methods,” Proceedings of the AIAA Guidance, Nav-
igation, and Control Conference, AIAA, Reston, VA, 1997, pp. 469–

478.
9Clements, J. C., and Ingalls, B., “An Extended Model for Pairwise Con-

� ict Resolution in Air Traf� c Management,” Optimal Control Applications
and Methods, Vol. 20, 1999, pp. 183–197.

10Hocking, L. M., Optimal Control: An Introduction to the Theory with
Applications, Oxford Univ. Press, New York, 1991.

Mechanism for Precision Orbit
Control with Applications

to Formation Keeping

I. Michael Ross¤

Naval Postgraduate School,
Monterey, California 93943

Introduction

D ETECTING gravitational waves requires a very large base-
line (from hundreds to a million kilometers) for an interfero-

meter.1;2 Challenged by this extraordinary requirement, a number
of astrophysicists have explored various ways to achieve this from
an engineeringviewpoint.As documented in Refs. 1 and 2, the idea
of using three separated spacecraft orbiting in formation to achieve
effective structural rigidity (required by the baseline of the inter-
ferometer) was suggested in the early 1980s by Faller and Bender.
Basedon thisconcept,the laser interferometerspaceantenna(LISA)
project was proposed to ESA in 1993, resulting in an ESA/NASA
project.1;2 When the impact of such possible con� gurations for ter-
restrial application was recognized, the U.S. Air Force declared in
1995 that a distributed spacecraft system (DSS) � ying in formation
was one of the key technology areas for the 21st century.3 It is ap-
parent that, since then, a great deal of research has been done on
DSS and formationkeeping.Of particularnote are Refs. 4–6 and the
references contained therein. Carter4 presents an excellent survey
of linearized equationsfor relative motion between elliptical orbits.
Recently, Melton5 extended the equations for a state transition ma-
trix by way of a truncatedpower series in eccentricity.A perspective
on these and other analyses as it pertains to formation keeping is
presented by Vadali et al.6

One of thecentraltechnologyareasfor formationkeepingis main-
taining the DSS in formationwith little or no propellant.In addition,
for interferometricmeasurements, it is necessary to sense and con-
trol the distributed system to an effective structural tolerance of the
order of a fraction of the wavelength of interest. In this Note, we
propose a simple nonpropulsive mechanism to control the orbital
position of a spacecraft to such a high precision. Simply stated, the
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